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ON THE LOWER BOUND OF THE NUMBER OF ABELIAN
VARIETIES OVER Fp
JUNGIN LEE
Abstract
In this paper, we prove that the number B(p, g) of isomorphism classes of abelian varieties
over a prime field Fp of dimension g has a lower bound p
1
2
g
2(1+o(1)) as g → ∞. This is
the first nontrivial result on the lower bound of B(p, g). We also improve the upper bound
234g
2
p
69
4
g
2(1+o(1)) of B(p, g) given by Lipnowski and Tsimerman (Duke Math. J. 167:3403-
3453, 2018) to p
45
4
g
2(1+o(1)).
1 Introduction
Let p be a prime and q = pa be its power. Counting the number of isomorphism classes of abelian
varieties over a finite field Fq of dimension g can be divided into two parts: (1) classifying the
isogeny classes of abelian varieties over Fq of dimension g and (2) counting the size of each isogeny
class. By Honda-Tate theorem [3,12], the isogeny classes of abelian varieties over Fq of dimension
g are in bijection with Weil q-polynomials of degree 2g, which gives a solution to the first part.
One can deduce that the number mq(g) of isogeny classes of abelian varieties over Fq of dimension
g is given by
mq(g) = q
1
4 g
2(1+o(1)) (1)
(as g →∞) by counting the number of Weil q-polynomials of degree 2g.
For the second part, there is a linear-algebraic description of the set of abelian varieties in each
isogeny class due to Kottwitz [5]. (See Section 2.2 for details.) However, it is very hard to compute
the size of each isogeny class in general. Explicit formulas for the size of the isogeny classes are only
known for some simple cases, such as elliptic curves [10, Theorem 4.6] or simple abelian surfaces
correspond to Weil q-number π =
√
q [16, Theorem 4.4].
Alternatively, one can try to estimate the number B(q, g) of isomorphism classes of abelian
varieties over Fq of dimension g without its explicit formula. For the case q = p, Lipnowski and
Tsimerman [7] obtained an upper bound
B(p, g) ≤ p 172 g2(1+o(1))
for a fixed p as g → ∞. Note that there are some minor errors in their proof, which will be
corrected in Section 3.1 of this paper. A (corrected) main result of [7] is the following theorem:
Theorem 1.1. ([7], Theorem 0.1) Let B(p, g) be the number of isomorphism classes of abelian
varieties over Fp of dimension g for a fixed p. Then
B(p, g) ≤ 234g2p 694 g2(1+o(1)). (2)
It is natural to investigate the lower bound of B(q, g). Since there is a trivial bound
B(q, g) ≥ mq(g) = q 14 g
2(1+o(1)),
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a lower bound of B(q, g) can be meaningful only if it is larger than q
1
4 g
2
. Up to our knowledge,
there had not been known any nontrivial lower bound of B(q, g) in the literature.
The purpose of this paper is to provide a nontrivial lower bound of B(q, g) for the case q = p.
Denote the number of isomorphism classes of simple (precisely, Fp-simple) abelian varieties over
Fp of dimension g by Bsim(p, g). The main result of this paper is the following theorem.
Theorem 1.2. (Theorem 4.11)
B(p, g) ≥ Bsim(p, g) ≥ p 12 g2(1+o(1)). (3)
Remark 1.3. Since
p
1
2 g
2(1+o(1)) = p
1
4 g
2
p
1
4 g
2(1+o(1)),
a lower bound above is p
1
4 g
2(1+o(1)) times larger than p
1
4 g
2
. Thus this is the first nontrivial result
in this context.
This paper is organized as follows. We introduce some definitions and notations and review the
description of the set of abelian varieties in a single isogeny class in terms of lattices in Dieudonn
modules and Tate modules in Section 2. Section 3 is devoted to the improvement of the upper
bound of B(p, g) provided in Theorem 1.1. More precisely, in Section 3.1, we briefly summarize
how Lipnowski and Tsimerman bounded the size of each isogeny class using the description given
in Section 2. After that, we provide an improvement of their result in Section 3.2 and 3.3. The
improvement can be done by modifying the proof of [7].
Theorem 1.4. (Theorem 3.4)
B(p, g) ≤ p 454 g2(1+o(1)). (4)
In Section 4, we provide a lower bound of Bsim(p, g) (and consequently, B(p, g)) as explained
above. The key ingredients of the proof of Theorem 1.2 are the followings:
(i) (Corollary 2.2) A formula for the size of an isogeny class of simple abelian varieties over Fp
associated to a Weil p-number π as a sum of class numbers of orders in Q(π);
(ii) ([11, Theorem 2]) Stark’s inequality relating the class numbers of a CM-field E and its
maximal totally real subfield E+ with the discriminants of E and E+;
(iii) ([6, Theorem 2.3]) Asymptotic information for irreducible Weil p-polynomials (equivalently,
Weil p-polynomials associated to simple abelian varieties over Fp);
(iv) (Proposition 4.4) For any ε > 0 and a monic polynomial f of degree 2g, |f(x)| ≥ pg2(1−ε) for
a large portion of x in the interval
[
− 2p
g
2
g ,
2p
g
2
g
]
if g is sufficiently large;
(v) (Proposition 4.10) Detailed investigations on the discriminants and class numbers of non-
maximal orders in OE and OE+ .
2 Abelian varieties in each isogeny class
2.1 Definitions and notations
In this section we provide a list of notation which will be used throughout the paper. Some of the
notation are from [7].
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• Let p be a prime, q = pa be a power of p and Fq be a finite field with q elements. Also let
Zq :=W (Fq) (Witt ring of Fq) and Qq be the fraction field of Zq. Note that Qq is the unique
unramified extension of Qp of degree a.
• For an abelian variety A0 over Fq, denote the set of isomorphism classes of abelian varieties
over Fq isogenous to A0 by Isog(A0). Similarly, denote the set of isomorphism classes of
(simple) abelian varieties over Fq associated to a Weil q-number π by Isog(π).
• For two abelian varieties A and B over Fq, denote Hom0(A,B) := HomFq (A,B)⊗ZQ and
End0(A) := EndFq(A)⊗ZQ.
• An element f ∈ Hom0(A,B) is called a quasi-isogeny if nf ∈ Hom(A,B) is an isogeny for
some integer n. Two quasi-isogenies A
f−→ A0 and B g−→ A0 are isomorphic if there are two
quasi-isogenies A
h−→ B and B k−→ A such that kh = idA, hk = idB , gh = f and fk = g.
Denote the set of isomorphism classes of quasi-isogenies A
f−→ A0 by I˜sog(A0).
• For an abelian variety A0 over Fq and a prime ℓ 6= p, let Tℓ(A0) be the ℓ-adic Tate module
of A0 and Vℓ(A0) := Tℓ(A0) ⊗Zℓ Qℓ. Also let D(A0) be the covariant Dieudonn module
of A0 (which is a module over the Dieudonn ring DFq := W (Fq) {F, V } /(FV − p)) and
D0(A0) := D(A0)⊗Zq Qq.
• Let W be a finite-dimensional vector space over a field K and g ∈ GLK(W ). Define
d′(g |W ) :=
∏
λ6=µ
(λ − µ)
where λ, µ run over all pairs of distinct roots (counted with multiplicity) of the characteristic
polynomial of g.
2.2 Linear-algebraic description of abelian varieties in an isogeny class
To estimate the size of the set Isog(A0) for a fixed abelian variety A0 over Fq, a linear-algebraic
description of Isog(A0) is needed. We closely follow the exposition of [7, Section 3]. Denote
Xp :=
{
M :M ⊂ D0(A0) is an 〈F, V 〉 -stable Zq-lattice
}
Xℓ := {M :M ⊂ Vℓ(A0) is an Frobq-stable Zℓ-lattice}
Xp :=
∏
ℓ 6=p
′Xℓ =
∏
ℓ 6=p
Lℓ : Lℓ ∈ Xℓ and Lℓ = Tℓ(A0) for almost all ℓ
 .
Then the map
I˜sog(A0)→ Xp ×Xp
given by
(A
f−→ A0) 7→ f∗D(A) ×
∏
ℓ 6=p
f∗Tℓ(A)
is a bijection, and this induces a bijection
Isog(A0)→ End0(A0)× \Xp ×Xp.
When A0 is a simple abelian variety over Fp, there is an alternative description of Isog(A0).
Suppose that A0 is a simple abelian variety over Fp associated to a Weil p-number π 6= √p. Then
E = End0(A0) is a CM-field of degree 2 dimA and is equal to Q(π).
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Proposition 2.1. ([14], Theorem 6.1) Let A0 be as above and denote R := Z[π, pπ−1] ⊂ OE .
(a) The endomorphism rings of abelian varieties isogenous to A0 are exactly the orders in E con-
taining R.
(b) For each order R′ in E containing R, the isomorphism classes of abelian varieties with endo-
morphism ring R′ correspond bijectively to the isomorphism classes of lattices in E with order
R′.
See [15, Theorem 5.1] for the generalization to non-simple case. Note that the result stated
above is enough for our purpose. By Proposition 2.1, there is a bijection between Isog(A0) and the
ideal class monoid ICM(R) of R (see [8, Definition 3.1]). The next corollary is the starting point
of the proof of Theorem 1.2.
Corollary 2.2.
|Isog(A0)| = |Isog(π)| ≥
∑
R⊂B⊂OE
h(B)
where B runs through the orders of E containing R and h(B) is the class number of B. In
particular,
|Isog(A0)| ≥ h(R).
Proof. By the definition of ICM(R), we have ICM(R) ⊃
⊔
R⊂B⊂OE
Pic(B).
Remark 2.3. By [8, Proposition 3.7], the equality
|Isog(π)| =
∑
R⊂B⊂OE
h(B)
holds if and only if R is Bass, i.e. every order B is Gorenstein.
3 Upper bound of B(p, g)
3.1 Bouding the size of Isog(A0)
Starting from the bijection
Isog(A0)→ End0(A0)× \Xp ×Xp
in Section 2.2, Lipnowski and Tsimerman [7] obtained an upper bound of |Isog(A0)|. In this section
we summarize their strategy and result with some corrections. Let G be the algebraic group over
Q defined by
G(R) := (End0(A0)⊗Q R)×
for every Q-algebra R. The group G(Q) = End0(A0)× acts on Xp × Xp through G(Afin) where
Afin is the finite adele ring of Q. Let
N :=
∣∣G(Afin) \Xp ×Xp∣∣
and L1, · · · , LN be the orbit representatives for the action of G(Afin) on Xp ×Xp. Then
End0(A0)
× \Xp ×Xp ∼=
N⊔
i=1
G(Q) \G(Afin)/ StabG(Afin)(Li). (5)
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From now on, assume that q = p is a prime. Let V = Vℓ(A0) if ℓ 6= p, V = D0(A0) if ℓ = p and
γ ∈ GL(V ) denote the Frobenius element. Then the value d′(γ | V ) ∈ Z is independent of the
choice of ℓ, which is denoted by d′(A0). Let
χγ = f
n1
1 · · · f
njℓ
jℓ
(fi ∈ Zℓ[x])
be the decomposition of the characteristic polynomial of γ into irreducible factors. Then V =
⊕jℓi=1Vi where Vi = ker fi(γ).
An upper bound of the size of Isog(A0) comes from an upper bound of the number N and an
upper bound of the size of G(Q) \G(Afin)/ StabG(Afin)(Li) for each i.
(1) For a prime ℓ (including p), N =
∏
ℓNℓ where
Nℓ := |G(Qℓ) \Xℓ| .
Denote V≤i := ⊕k≤iVk and Gri V := V≤i/V≤i−1. Let γi be the restriction of γ on Gri V and
Nℓi be the number of orbits of Zγi(Qℓ) (=the centralizer of γi in GL(Gri V )) acting on the
collection of γi-stable lattices in Gri V . In Section 3.3 of [7], the bound of N is derived as
follows.
(a) ([7, Corollary 3.16]) Nℓi ≤ |d′(γi | (Gri V ))|−4ℓ .
(b) ([7, Corollary 3.17]) Nℓ ≤ |d′(γ | V )|−4ℓ = |d′(A0)|−4ℓ .
(c) ([7, Corollary 3.18]) N =
∏
ℓNℓ ≤ |d′(A0)|4∞ ≤ (2
√
p)4·(
2g
2 )·2. (The bound is written in
[7] as (2
√
p)4·(
2g
2 ), but it should be corrected to (2
√
p)4·(
2g
2 )·2.)
(2) There exists a same mistake as above in the proof of [7, Corollary 3.22]. Since the inequality
(25) of [7] comes from
#(K/ StabG(Afin)(L)) ≤ |d′(A0)|4∞ exp(o(g2)), (6)
it should be corrected to
#(K/ StabG(Afin)(L)) ≤ (2
√
p)4·(
2g
2 )·2(1+o(1)). (7)
The upper bound in the inequality (31) of [7] should be corrected to (2
√
p)2(
2d
2 ) so the
inequality (32) of [7] should be
#
m∏
i=1
Cl(OKi) ≤
(
m∏
i=1
(2
√
p)(
di
2 )
((
di
2
)
log(2
√
p)
)di−1)
· 500geg
≤ (2√p)2g2 ·
(
2g
2
)2g
· (log 2√p)2g500geg
= (2
√
p)2g
2(1+o(1)).
(8)
Following the proof of [7, Proposition 3.23] with above inequalities, we obtain
|Isog(A0)| ≤ C0 · (2√p)4·(
2g
2 )·2 · (2√p)4·(2g2 )·2(1+o(1)) · (2√p)2g2(1+o(1))
= 234g
2
p17g
2(1+o(1)).
(9)
Thus
B(p, g) ≤ mp(g)234g
2
p17g
2(1+o(1)) = 234g
2
p
69
4 g
2(1+o(1)), (10)
which completes the proof of Theorem 1.1. We improve this bound in the rest of this section.
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3.2 Bound on |d′(A0)|∞
First we can easily reduce the upper bound on |d′(A0)|∞.
Lemma 3.1. For m complex numbers a1, · · · , am with absolute values 1,∏
1≤i<j≤m
|ai − aj | ≤ mm2
and the equality holds if and only if m numbers are equidistributed on a unit circle.
Proof. See the answer in [4].
This gives the bound
|d′(A0)|∞ ≤
(
(2g)
2g
2
√
p(
2g
2 )
)2
= (2g)2gp(
2g
2 ) = p2g
2(1+o(1)). (11)
By the same reason, |DK | ≤ dd√p2(
d
2) in the equation (31) of [7] and
#
m∏
i=1
Cl(OKi) ≤ pg
2(1+o(1)) (12)
in the equation (32) of [7].
3.3 Bound on N
The following proposition is a refinement of [7, Corollary 3.17].
Proposition 3.2. For every C > 1, there exist A > 0 and ℓ0 (each is independent of g) such that
Nℓ ≤ A2g |d′(γ | V )|−Cℓ for all prime ℓ and Nℓ ≤ |d′(γ | V )|−Cℓ for all ℓ > ℓ0.
Proof. By the proof of [7, Corollary 3.7],
Nℓ ≤ ℓδ
′
jℓ∏
i=1
Nℓi
and (
jℓ∏
i=1
|d′(γi | (Gri V ))|−Cℓ
)
· ℓCδ′ = |d′(γ | V )|−Cℓ
for some δ′ ≥ 0. So it is enough to show that there exist A > 0 and ℓ0, independent of g such that
Nℓi ≤ A |d′(γi | (Gri V ))|−Cℓ
for all i, ℓ and
Nℓi ≤ |d′(γi | (Gri V ))|−Cℓ
for all i and ℓ > ℓ0. (Note that dimV = 2g so jℓ ≤ 2g for all ℓ.)
For an integer m ≥ 0, denote the set of partitions of m by P(m) and let
P (m) := |P(m)| .
Also let P (m, k) be the number of partitions of m into k parts. For λ ∈ P (m), denote the length
of λ by ℓ(λ). Combining the inequality
lengthR(R
n/L) ≤ nδ
d
6
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in [7, p. 3421] and inequalities (14) and (15) of [7], Nℓi is bounded by the value of
f(ℓ, n, δ, d) := ℓ
1
2n(n−1)δ
∑
0≤b≤ δn
d
∑
a1+···+an=b
n∏
i=1
 ∑
λi∈P(ai)
(ℓd)ai−ℓ(λi)
 .
for some n, δ, d ≥ 1 satisfying
|d′(γi | (Gri V ))|−1ℓ = ℓn
2δ.
Since
f(ℓ, n, δ, d) = ℓ
1
2n(n−1)δ
∑
0≤db≤δn
∑
da1+···+dan=db
n∏
i=1
 ∑
dλi∈P(dai)
ℓdai−ℓ(dλi)

≤ f(ℓ, n, δ, 1)
for any d ≥ 1, Nℓi is bounded by f(ℓ, n, δ, 1). Denote
g(ℓ, n, b) :=
∑
a1+···+an=b
n∏
i=1
 ∑
λi∈P(ai)
ℓai−ℓ(λi)

for simplicity.
(1) n ≥ 2 : By the proof of [7, Corollary 3.16],
f(ℓ, n, δ, 1) ≤ ℓ 12n(n+1)δ23δn
and if ℓn−1 ≥ 64, then
ℓ
1
2n(n+1)δ23δn ≤ ℓn2δ = |d′(γi | (Gri V ))|−1ℓ .
By Hardy-Ramanujan formula [2], there exists M > 0 such that P (m) ≤ M · 2m4 for all m ≥ 0.
Then
g(ℓ, n, b) ≤
∑
a1+···+an=b
ℓbP (a1) · · ·P (an)
≤ ℓbMn2 b4
(
b+ n− 1
n− 1
)
≤ ℓbMnℓ b4 (b+ 1)n−1
so
f(ℓ, n, δ, 1) = ℓ
1
2n(n−1)δ
(
1 +
δn∑
b=1
g(ℓ, n, b)
)
≤ ℓ 12n(n−1)δ · ℓ 5δn4 Mn(δn+ 1)n−1(δn+ 1)
≤ ℓ 78n2δMn(δn+ 1)n.
Choose δ0 > 0 such that M(x+ 1) ≤ 2 18x for every x ≥ δ0. Then if δ ≥ δ0,
f(ℓ, n, δ, 1) ≤ ℓ 78n2δ(M(δn+ 1))n
≤ ℓ 78n2δ(2 18 δn)n
≤ ℓn2δ.
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(2) n = 1 :
f(ℓ, 1, δ, 1) = 1 +
δ∑
b=1
b∑
k=1
P (b, k)ℓb−k
≤ 1 +
δ∑
b=1
b∑
k=1
P (b)ℓb−k
≤ δP (δ)ℓδ.
By Hardy-Ramanujan formula, there exists N = N(C) > 0 such that
mP (m) ≤ N · 2C−12 m
for all m ≥ 1. Then for ℓδ ≥ N 2C−1 ,
f(ℓ, 1, δ, 1) ≤ δP (δ)ℓδ
≤ N · ℓC−12 δℓδ
≤ ℓCδ = |d′(γi | (Gri V ))|−Cℓ .
Now consider the finite set
S :=
{
(ℓ, n, δ) | n ≥ 2, ℓn−1 < 64, δ < δ0
} ∪ {(ℓ, 1, δ) | ℓδ < N 2C−1}
and let
A := max {f(ℓ, n, δ, 1) | (ℓ, n, δ) ∈ S}
and
ℓ0 := max
{
64, N
2
C−1
}
.
Note that each of S, A and ℓ0 depends only on C > 1. Then
f(ℓ, n, δ, 1) ≤ |d′(γi | (Gri V ))|−Cℓ
for (ℓ, n, δ) /∈ S and
f(ℓ, n, δ, 1) ≤ A
for (ℓ, n, δ) ∈ S, so
Nℓi ≤ f(ℓ, n, δ, 1) ≤ A |d′(γi | (Gri V ))|−Cℓ .
For ℓ > ℓ0, (ℓ, n, δ) /∈ S so Nℓi ≤ |d′(γi | (Gri V ))|−Cℓ .
Corollary 3.3. N ≤ p2g2(1+o(1)).
Proof. By proposition 3.2 and (11),
N =
∏
ℓ
Nℓ
≤
∏
ℓ≤ℓ0
A2g |d′(A0)|−Cℓ ·
∏
ℓ>ℓ0
|d′(A0)|−Cℓ
≤ A2gℓ0 |d′(A0)|C∞
≤ p2Cg2(1+o(1))
for every C > 1. Thus N ≤ p2g2(1+o(1)).
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Now we can prove the main result of this section.
Theorem 3.4.
B(p, g) ≤ p 454 g2(1+o(1)). (13)
Proof. By the inequalities (6), (11) and (12) with Corollary 3.3, we obtain
B(p, g) ≤ mp(g) ·N · |d′(A0)|4∞ exp o(g2) · pg
2(1+o(1))
≤ p( 14+2+8+1)g2(1+o(1))
≤ p 454 g2(1+o(1)).
4 Lower bound of B(p, g)
Let A0 be a simple abelian variety over Fp of dimension g ≥ 3 (so it is associated to the Weil
p-number π 6= √p). Then
E := End0(A0) = Q(π)
is a CM-field of degree 2g. Denote the maximal totally real subfield of E by E+. Let
R := Z[π, π] = Z[π, pπ−1]
and
R+ := Z[π + π].
Then R and R+ are orders in E and E+, respectively. Corollary 2.2 says that
|Isog(π)| = |Isog(A0)| ≥ h(R),
so we need a lower bound of h(R) for sufficiently many Weil p-numbers π to give a lower bound of
Bsim(p, g) (and consequently, B(p, g)).
4.1 Discriminant of R
Roughly speaking, we prove that the absolute value of the discriminant of R is sufficiently large for
sufficiently many π in this section. (See Corollary 4.6 for a precise statement.) First we recall some
notations and results in [6, Section 2]. For integers a1, · · · , ag, let F (a1, · · · , ag) be a polynomial
in x defined by
F (a1, · · · , ag) := (x2g + pg) + a1(x2g−1 + pg−1x) + · · ·+ ag−1(xg+1 + pxg−1) + agxg.
Let
Y 1g :=
{
(a1, · · · , ag−1) ∈ Zg−1 :
∣∣∣∣ aipi/2
∣∣∣∣ ≤ 1g (1 ≤ i ≤ g − 1)
}
Y 2g :=
{
ag ∈ Z :
∣∣∣∣ ag2pg/2
∣∣∣∣ ≤ 1g and gcd(ag, p) = 1
}
Yg := Y
1
g × Y 2g
=
{
(a1, · · · , ag) ∈ Zg :
∣∣∣∣ ag2pg/2
∣∣∣∣ ≤ 1g ,
∣∣∣∣ aipi/2
∣∣∣∣ ≤ 1g (1 ≤ i ≤ g − 1) and gcd(ag, p) = 1
}
.
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Then by [6, Lemma 2.1], F (a1, · · · , ag) is a Weil p-polynomial for any (a1, · · · , ag) ∈ Yg. This
enables us to define
Y simg := {(a1, · · · , ag) ∈ Yg : F (a1, · · · , ag) corresponds to a simple variety} .
Then clearly
|Yg| = p 14 g
2(1+o(1)) (14)
and by the proof of [6, Theorem 2.3],
lim
g→∞
∣∣Y simg ∣∣
|Yg| = 1. (15)
When (a1, · · · , ag) ∈ Y simg and F (a1, · · · , ag) is associated to π, then F (a1, · · · , ag) is the minimal
polynomial of π so
|disc(R)| = [R : Z[π]]−2 · |disc(Z[π])|
= [R : Z[π]]−2 · |disc(F (a1, · · · , ag))| .
(16)
Lemma 4.1.
[R : Z[π]] ≤ p g(g−1)2 .
Proof. R has a Z-basis 1, π, · · · , πg−1, π, · · · , πg. So
1, π, · · · , πg−1, π, π2 + a1π, · · · , πg + a1πg−1 + · · ·+ ag−1π
is also a Z-basis of R. Now the following relations finish the proof.
pg−1π = πg−1πg = πg−1(−πg − a1(πg−1 + πg−1)− · · · − ag) ∈ Z[π]
pg−2(π2 + a1π) = π
g−2(−πg − a1πg−1 − a2(πg−2 + πg−2)− · · · − ag) ∈ Z[π]
...
πg + a1π
g−1 + · · ·+ ag−1π = −πg − a1πg−1 − · · · − ag ∈ Z[π].
Now we consider the lower bound of the absolute value of the discriminant of F (a1, · · · , ag). For
a fixed (a1, · · · , ag−1) ∈ Y 1g , the discriminant of F (a1, · · · , ag) can be understood as a polynomial
in ag.
Lemma 4.2. For a polynomial f(X) = a0X
2g + a1X
2g−1 + · · · + a2g, the discriminant of f is
given by
disc(f) = (g2gag−10 a
g−1
2g )a
2g
g + (lower-order terms in ag) (17)
as a polynomial in ag.
Proof.
disc(f) = (−1) 2g(2g−1)2 a−10 R(f, f ′) = (−1)ga−10 detA
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where A is a (4g − 1)× (4g − 1) matrix given by
A =

a0 a1 a2 · · · 0 0 0
0 a0 a1 · · · 0 0 0
...
...
...
...
...
...
0 0 0 · · · a2g−1 a2g 0
0 0 0 · · · a2g−2 a2g−1 a2g
2ga0 (2g − 1)a1 (2g − 2)a2 · · · 0 0 0
0 2ga0 (2g − 1)a1 · · · 0 0 0
...
...
...
...
...
...
0 0 0 · · · 2a2g−2 a2g−1 0
0 0 0 · · · 3a2g−3 2a2g−2 a2g−1

There are exactly 2g columns of A having ag or gag. Thus disc(f), as a polynomial in ag, has
degree at most 2g. Now we have to compute the coefficient of a2gg . Suppose that we choose 4g− 1
entries of A from different rows and columns so that 2g of them are ag or gag.
• A4g−1,3g = gag should be chosen, because it is the only entry of the 3g-th column of A which
is ag or gag.
• A4g−1,4g−1 cannot be chosen, so A2g−1,4g−1 = a2g should be chosen.
• A2g−1,3g−1 = ag cannot be chosen, so A4g−2,3g−1 = gag should be chosen.
• A2g−1,4g−2, A4g−2,4g−2 and A4g−1,4g−2 cannot be chosen, so A2g−2,4g−2 = a2g should be
chosen.
Iterating this process, we choose
A4g−i,3g+1−i = gag (1 ≤ i ≤ g)
and
A2g−i,4g−i = a2g (1 ≤ i ≤ g − 1).
• One of A1,1 = a0 and A2g,1 = 2ga0 should be chosen. Also one of A1,g+1 = ag and A2g,g+1 =
gag should be chosen.
• Now A1,2 and A2g,2 cannot be chosen, so one of A2,2 = a0 and A2g+1,2 = 2ga0 should be
chosen. Also one of A2,g+2 = ag and A2g+1,g+2 = gag should be chosen.
Iterating this process, we choose exactly one of
{Ai,i = a0, A2g−1+i,i = 2ga0}
and
{A2g−1+i,g+i = gag, Ai,g+i = ag}
for each 1 ≤ i ≤ g. Now it is easy to show that
detA =
g∏
i=1
∣∣∣∣∣ Ai,i Ai,g+iA2g−1+i,i A2g−1+i,g+i
∣∣∣∣∣ ·
g∏
i=1
A4g−i,3g+1−i ·
g∏
i=1
A2g−i,4g−i + (lower-order terms in ag)
= (−ga0ag)g(gag)gag−12g + (lower-order terms in ag)
= ((−1)gg2gag0ag−12g )a2gg + (lower-order terms in ag).
This finishes the proof.
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Corollary 4.3.
disc(F (a1, · · · , ag)) = g2gpg(g−1)a2gg + (lower-order terms in ag) (18)
as a polynomial in ag.
Suppose that g is sufficiently large. By the equation (15), |disc(F (a1, · · · , ag))| is large enough
for sufficiently many (a1, · · · , ag) ∈ Y simg if it is large enough for sufficiently many (a1, · · · , ag) ∈
Yg. This should be true if for any (a1, · · · , ag−1) ∈ Y 1g , |disc(F (a1, · · · , ag))| is large enough for
sufficiently many ag ∈ Y 2g . Since disc(F (a1, · · · , ag)) can be written as equation (18), the following
proposition is natural.
Proposition 4.4. For any ε > 0, there exists g0 = g0(ε) > 0 such that for every g ≥ g0 and a
monic polynomial f of degree 2g,
µ
({
x ∈
[
−2p
g
2
g
,
2p
g
2
g
]
: |f(x)| ≤ pg2(1−ε)
})
≤ p
g
2
g
where µ(E) denotes the Lebesgue measure of E.
Proof. Denote
I1 :=
{
x ∈
[
−2p
g
2
g
,
2p
g
2
g
]
: |f(x)| ≤ pg2(1−ε)
}
and assume that µ(I1) > 0. Since the degree of f is 2g, there are
−2p
g
2
g
= x0 < x1 < · · · < xt = 2p
g
2
g
(1 ≤ t ≤ 2g)
such that f is strictly increasing or strictly decreasing on each interval (xi, xi+1) (0 ≤ i ≤ t − 1).
Since each I1 ∩ [xi, xi+1] is a (possibly empty) interval, we have∫
I1
|f ′(x)| dx =
t−1∑
i=0
∫
I1∩[xi,xi+1]
|f ′(x)| dx ≤ 2g · 2pg2(1−ε).
Choose any c1 ∈ (0, 1) and let
I2 :=
{
x ∈ I1 : |f ′(x)| ≤ 2g · 2p
g2(1−ε)
(1− c1)µ(I1)
}
.
Then I2 is measurable and
µ(I2) ≥ c1µ(I1).
Repeating the same procedure for f ′ and I2, we have∫
I2
∣∣∣f (2)(x)∣∣∣ dx ≤ 2g(2g − 1) · 22pg2(1−ε)
(1 − c1)µ(I1)
and for any c2 ∈ (0, 1), there exists I3 ⊂ I2 such that
µ(I3) ≥ c2µ(I2) ≥ c1c2µ(I1)
and ∣∣∣f (2)(x)∣∣∣ ≤ 2g(2g − 1) · 22pg2(1−ε)
(1− c1)µ(I1) · (1− c2)µ(I2)
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for any x ∈ I3. Iterating this process, we get measurable subsets I2g ⊂ · · · ⊂ I2 ⊂ I1 such that
µ(I2g) ≥ c2g−1µ(I2g−1) ≥ · · · ≥ c1c2 · · · c2g−1µ(I1) (19)
and
(2g)!µ(I2g) =
∫
I2g
∣∣∣f (2g)(x)∣∣∣ dx
≤ 22g(2g)! p
g2(1−ε)∏2g−1
i=1 (1− ci)µ(Ii)
≤ 22g(2g)!pg2(1−ε) · 1∏2g−1
i=1 (1− ci)c2g−1−ii µ(I1)2g−1
.
(20)
for any c1, · · · , c2g−1 ∈ (0, 1) by the equation (19). This gives(
2g−1∏
i=1
(1− ci)c2g−ii
)
µ(I1)
2g ≤ 22gpg2(1−ε).
If we choose c1, · · · , c2g−1 by
c1 = · · · = c2g−1 = 1− 1
g
,
then
2g−1∏
i=1
(1− ci)c2g−ii =
1
g2g−1
(1− 1
g
)g(2g−1) >
1
(3g)2g−1
(21)
for sufficiently large g. Now there exists g0 > 0 (depends only on ε) such that
µ(I1) ≤ 6gp
g
2 (1−ε) ≤ p
g
2
g
for any g ≥ g0.
For each b = (b1, · · · , bg−1) ∈ Y 1g , define
Pb(X) := disc(F (b1, · · · , bg−1, X)).
Then by Corollary 4.3,
Pb(X) = g
2gpg(g−1)Qb(X)
for some monic polynomial Qb of degree 2g. Applying Proposition 4.4 to the polynomial Qb, we
obtain that for any ε > 0, the set
Ab,ε =
{
x ∈
[
−2p
g
2
g
,
2p
g
2
g
]
: |Pb(x)| ≥ g2gp2g
2−g−g2ε
}
satisfies
µ(Ab,ε) ≥ 3p
g
2
g
for sufficiently large g. For any ε > 0, denote
Sg,ε :=
{
a ∈ Yg : |disc(F (a))| ≥ g2gp2g
2−g−g2ε
}
Ssimg,ε := Sg,ε ∩ Y simg =
{
a ∈ Y simg : |disc(F (a))| ≥ g2gp2g
2−g−g2ε
}
.
Theorem 4.5. For any ε > 0, ∣∣Ssimg,ε ∣∣ = p 14 g2(1+o(1)). (22)
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Proof. As in the proof of Proposition 4.4, there are
−2p
g
2
g
= x0 < x1 < · · · < xt = 2p
g
2
g
(1 ≤ t ≤ 2g)
such that Pb is strictly increasing or strictly decreasing on each (xi, xi+1). Thus Ab,ε is a disjoint
union of closed intervals
I1, · · · , Is (s ≤ t+ 1 ≤ 2g + 1)
so
|Ab,ε ∩ (Z− pZ)| = |Ab,ε ∩ Z| − |Ab,ε ∩ pZ|
≥
s∑
i=1
|Ii ∩ Z| −
∣∣∣∣[−2p g2g , 2p
g
2
g
]
∩ pZ
∣∣∣∣
≥
s∑
i=1
(µ(Ii)− 1)−
(
2p
g
2
g
+ 1
)
≥ µ(Ab,ε)− (2g + 1)−
(
2p
g
2
g
+ 1
)
≥ p
g
2
g
− (2g + 2).
for sufficiently large g. Now
|Sg,ε|
|Yg| ≥ minb∈Y 1g
∣∣{x ∈ Y 2g : (b, x) ∈ Sg,ε}∣∣∣∣Y 2g ∣∣
= min
b∈Y 1g
|Ab,ε ∩ (Z− pZ)|∣∣Y 2g ∣∣
≥
p
g
2
g − (2g + 2)
4p
g
2
g + 1
>
1
5
for sufficiently large g. Combining this with the equation (15), we have∣∣Ssimg,ε ∣∣
|Yg| ≥
|Sg,ε|
|Yg| +
∣∣Y simg ∣∣
|Yg| − 1 >
1
10
for sufficiently large g. The equation (14) finishes the proof.
For a ∈ Y simg , denote a Weil p-number which corresponds to the Weil p-polynomial F (a) by πa
and let Ra := Z[πa, πa]. Define
T simg,ε :=
{
a ∈ Y simg : |disc(Ra)| ≥ g2gpg
2(1−ε)
}
.
The following corollary comes from the equation (16), Lemma 4.1 and Theorem 4.5.
Corollary 4.6. For any ε > 0, ∣∣T simg,ε ∣∣ = p 14 g2(1+o(1)). (23)
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4.2 Class number of R
In this section we consider the lower bound of the class number h(R) of R. To give a lower bound
of h(R) from a lower bound of disc(R), we need a relation between them. Brauer-Siegel theorem
provides a relation between h(OE) and
√
|disc(OE)|, but it is ineffective. For CM-fields, Stark [11]
provided an effective result which is a weaker version of the Brauer-Siegel theorem.
Theorem 4.7. ([11], Theorem 2) Let K be a CM-field of degree 2n containing a totally real
subfield k of degree n and f be a positive integer given by |disc(OK)| = disc(Ok)2f . For ε in the
range 0 < ε ≤ 12 , there is an effectively computable constant c(ε) > 0 such that
h(K) > h(k)
1
n · n!c(ε)
n |disc(Ok)|
1
2−
1
n
−ε
f
1
2−
1
2n
≥ h(k) 1
n · n!c(ε)
n
∣∣∣∣disc(OK)disc(Ok)
∣∣∣∣ 12− 1n−ε . (24)
Remark 4.8. In the original statement of Theorem 2 in [11], h(k) does not appear in the inequality.
One can easily check that the term h(k) can be added in the right-hand side of the inequality (24)
by following the proof of [11, Theorem 2] which is a direct consequence of [11, Theorem 2′].
Motivated by the result of Stark, we consider a lower bound of h(R)h(R+) rather than a lower bound
of h(R). It turns out that this is essential for our proof. First we review some formulas relating
the class numbers and the discriminants of R, R+, OE and OE+ .
For an order O of a number field F , denote
Ô :=
⊕
p
Op
where p runs through the nonzero prime ideals of O. By [9, Proposition 1.12.9],
h(R) = h(OE) · [ÔE
×
: R̂×]
[O×E : R×]
and h(R+) = h(OE+) ·
[ÔE+
×
: R̂+
×
]
[O×E+ : (R+)
×
]
.
We also have
|disc(R)| = [OE : R]2 · |disc(OE)|
and ∣∣disc(R+)∣∣ = [OE+ : R+]2 · |disc(OE+)| .
Lemma 4.9. ∣∣disc(R+)∣∣ ≤ p g22 (1+o(1)). (25)
Before giving a proof, we introduce the notion of transfinite diameter. The transfinite diameter
of a compact set A ⊂ C is defined by
γ(A) := lim
n→∞
max
z1,··· ,zn∈A
 ∏
1≤i<j≤n
|zj − zi|
 2n(n−1) . (26)
It is proved by Fekete [1, Section 6] that
γ([0, 1]) =
1
4
. (27)
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Proof. For a polynomial f(x) = F (a1, · · · , ag),
f(x)
xg
=
(
xg +
(p
x
)g)
+ a1
(
xg−1 +
(p
x
)g−1)
+ · · ·+ ag = h
(
x+
p
x
)
for some monic polynomial h of degree g. Since f is the minimal polynomial of π, h is the minimal
polynomial of π + π so
disc(R+) = disc(h).
Any root α of h is of the form π1 + pπ
−1
1 for some root π1 of f . Since the absolute value of π1 is√
p, α = π1 + π1 ∈ R and α ∈ [−2√p, 2√p]. Now disc(h) is given by∏
1≤i<j≤g
(xj − xi)2
for some real numbers
−2√p ≤ x1 ≤ · · · ≤ xg ≤ 2√p.
Denote
yi =
xi
4
√
p
+
1
2
(1 ≤ i ≤ g).
Then yi ∈ [0, 1] for each 1 ≤ i ≤ g and∏
1≤i<j≤g
(xj − xi)2 = (4√p)2(
g
2)
∏
1≤i<j≤g
(yj − yi)2
= p
1
2 g
2(1+o(1))22g
2 ∏
1≤i<j≤g
(yj − yi)2.
(28)
Now it is enough to show that ∏
1≤i<j≤g
(yj − yi)2 ≤ 1
22g2(1+o(1))
,
which is a direct consequence of the equation (27).
Proposition 4.10. For any ε ∈ (0, 12 ),
h(R)
h(R+)
≥ |disc(R)|
1
2−
1
g
−ε
2g2εp
1
4 g
2(1+2ε+o(1))
. (29)
Proof. Let c(ε) > 0 be a constant as in Theorem 4.7. By Theorem 4.7 and the formulas above,
h(R)
h(R+)
=
h(OE) · [ÔE
×
:R̂×]
[O×
E
:R×]
h(OE+) · [ÔE+
×
:R̂+
×
]
[O×
E+
:(R+)×]
>
1
g · g!c(ε)
g ·
∣∣∣∣ disc(OE)disc(OE+)
∣∣∣∣ 12− 1g−ε · [ÔE× : R̂×][O×E : R×] · [O
×
E+ : (R
+)
×
]
[ÔE+
×
: R̂+
×
]
=
1
g · g!c(ε)
g ·
∣∣∣∣ disc(R)disc(R+)
∣∣∣∣ 12− 1g−ε( [OE+ : R+][OE : R]
)1− 2
g
−2ε
· [O
×
E+ : (R
+)
×
]
[O×E : R×]
· [ÔE
×
: R̂×]
[ÔE+
×
: R̂+
×
]
.
Since
1
g · g!c(ε)
g ·
∣∣∣∣ disc(R)disc(R+)
∣∣∣∣ 12− 1g−ε ≥ |disc(R)| 12− 1g−εp 14 g2(1+o(1))
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by Lemma 4.9, it is enough to show that(
[OE+ : R+]
[OE : R]
)1− 2
g
−2ε
· [O
×
E+ : (R
+)
×
]
[O×E : R×]
· [ÔE
×
: R̂×]
[ÔE+
×
: R̂+
×
]
≥ 1
2g2εp
1
2 g
2(ε+o(1))
. (30)
We divide it to three parts and prove that each part is not too small.
(1) By [13, Theorem 4.12],
[O×E+ : (R+)
×
]
[O×E : R×]
≥ 1
[O×E : O×E+ ]
≥ 1
2 |µE |
where µE is the group of roots of unity in E. If |µE | = r, then
2g = [E : Q] ≥ [Q(ζr) : Q] = φ(r) ≥
√
r
2
so 2 |µE | = 2r ≤ 32g2.
(2) By Lemma 4.9, (
[OE+ : R+]
[OE : R]
)− 2
g
−2ε
≥ 1
[OE+ : R+]
2
g
+2ε
≥ 1
|disc(R+)| 1g+ε
≥ 1
(2g2p
g2
2 (1+o(1)))
1
g
+ε
=
1
2g2εp
1
2 g
2(ε+o(1))
.
(3) Since [OE : R] = [ÔE : R̂] and [OE+ : R+] = [ÔE+ : R̂+], we have
[OE+ : R+]
[OE : R] ·
[ÔE
×
: R̂×]
[ÔE+
×
: R̂+
×
]
=
[ÔE
×
: R̂×]
[ÔE : R̂]
· [ÔE+ : R̂
+]
[ÔE+
×
: R̂+
×
]
.
Let µp be a usual Haar measure on a local field Ep. Then
[ÔE
×
: R̂×]
[ÔE : R̂]
=
∏
p|disc(R)
[O×E,p : R×p ]
[OE,p : Rp]
=
∏
p|disc(R)
µp(O×E,p)
µp(R
×
p )
· µp(Rp)
µp(OE,p)
≥
∏
p|disc(Z[π])
µp(O×E,p)
µp(OE,p)
=
∏
p|disc(Z[π])
(
1− 1
κ(p)
)
for κ(p) := |OE/p|. (Note that if p ∤ disc(R), then p ∤ [OE : R] so OE,p = Rp.) Denote the
j-th prime by pj. By Lemma 3.1,
|disc(Z[π])| = |disc(f)| ≤ (2g)2g√p2(2g2 ) < (2gp)2g2
17
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so the number of primes in Z which divide disc(Z[π]) is less than 2gp+ 2g2 because
2gp+2g2∏
j=2gp+1
pj >
2gp+2g2∏
j=2gp+1
2gp = (2gp)2g
2
.
For each prime in Z, there are at most 2g primes in OE lying above it. Thus
∏
p|disc(Z[π])
(
1− 1
κ(p)
)
>
2gp+2g2∏
j=1
(
1− 1
pj
)2g
≥
2gp+2g2∏
j=1
(
1− 1
j + 1
)2g
=
1
(2gp+ 2g2 + 1)2g
=
1
po(g2)
By the same reason,
[ÔE+ : R̂+]
[ÔE+
×
: R̂+
×
]
≥
∏
p|disc(R+)
µp((R
+
p )
×)
µp(R
+
p )
≥ 1
po(g2)
.
It is clear that (1), (2) and (3) imply the inequality (30).
Now we are ready to prove the main theorem of the paper.
Theorem 4.11.
B(p, g) ≥ Bsim(p, g) ≥ p 12 g2(1+o(1)). (31)
Proof. For a ∈ Y simg , denote a Weil p-number which corresponds to the Weil p-polynomial F (a)
by πa and let Ra := Z[πa, πa]. Then for any ε1, ε2 ∈ (0, 12 ),
Bsim(p, g) ≥
∑
a∈Y simg
|Isog(πa)|
≥
∑
a∈Y simg
h(Ra) (Corollary 2.2)
≥
∑
a∈T simg,ε1
h(Ra)
≥ 1
2g2ε2p
1
4 g
2(1+2ε2+o(1))
·
∑
a∈T simg,ε1
|disc(Ra)|
1
2−
1
g
−ε2 (Proposition 4.10)
≥ 1
2g2ε2p
1
4 g
2(1+2ε2+o(1))
· ∣∣T simg,ε1 ∣∣ · (g2gpg2(1−ε1)) 12− 1g−ε2
=
1
2g2ε2
· pg2(− 12 ε2+(1−ε1)( 12−ε2)+o(1)) (Corollary 4.6).
(32)
If we let ε1, ε2 → 0 in (32), then the conclusion follows.
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